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We study a single channel one dimensional Kondo Model where the impurity spin is replaced by 
an su(n) spin. Using Abelian bosonization and canonical transformation we explicitly show that 
this system has an exactly solvable point. The calculation also shows that there are n collective 
excitation modes in the system, one charged and n — 1 neutral spin excitation modes. 



I. INTRODUCTION 

The Kondo problem JW and its subsequent multi- 
channel generalization [2( is a classic problem of con- 
densed matter physics. Different approaches 0, [H, 0, 
H, H, 0] have been used to address this problem ranging 
from an early application of the renormalization group 
to exact solution by Bethe Ansatz. With the advance- 
ment of new methods in micro-fabrication and other 
experimental techniques Kondo physics has been ob- 
served in semiconductor quantum dots and carbon nan- 
otube quantum dots [1, Q . The conventional Kondo 
problem has a spin rotation or su(2) symmetry but in 
nano-structures other higher symmetries are also pos- 
sible. In particular there is growing interest in su(4) 
symmetry, the case relevant to carbon nanotubes. In 
this paper we study the single channel su(n) Kondo 
model. It was discovered by Toulouse [l(| that the 
conventional su(2) Kondo model has a simple solvable 
limit. The su(2) Toulouse solution was subsequently 
extended to provide useful insights into the multichan- 
nel and Kondo lattice problems [EE!- Here we demon- 
strate that the single channel su(n) Kondo model has 
a solvable limit, generalizing the conventional su(2) re- 
sult. 



II. THE SU(N) KONDO MODEL 

The model we consider is a single channel wire where 
electrons in the lead are assumed to be non-interacting. 
We place a magnetic impurity at the center of the wire 
so that the electrons interact with the impurity via ex- 
change coupling. The electron is assumed to have n 
internal degrees of freedom. The case n — 2 corre- 
sponds to an electron with spin. Higher n values result 
if the electronic state is labeled by a sub-band index, 
as in a nanotube, or by a valley index, as in silicon. 
The Hamiltonian of the system has the free Hamilto- 
nian Hq and the exchange interaction of the conduction 
electrons with the impurity, H Kondo- Following Affleck 
and Ludwig [f| we write the linearized one dimensional 
Hamiltonian of the system in terms of chiral left mov- 



ing fermions t/j a (x) as 



H — Hq + H Kondo, 



where the kinetic energy is given by 



(1) 



H * = Y, Tpt{x)(-id x )i/j a (x)dx (2) 



and the exchange term has the form 



H Kondo — ^ J V S U T V . 



(3) 



Here we working in units of K=i>f=1, where vf is the 
Fermi velocity, r is the su(n) impurity "spin" and 



S= E V4(0)S Q/3 #(0) 

a, /3=1 



(4) 



is the su(n) "spin" density of the conduction electrons 
at the origin. J„ is the coupling, which we assume to 
be independent of energy and E are the n x n trace- 
less Hermitian matrices that represent the su(n) "spin" 
operators. They are a set of n 2 — 1 matrices that con- 
stitute a basis for the set of n x n traceless hermitian 
matrices. Evidently n — 1 of them are diagonal. They 
satisfy the "orthogonality" condition 



25. 



a/3- 



(5) 



The S matrices are called the Pauli matrices in su(2) 
case, the Gell-mann matrices for su(3), etc. 

We now focus on the su(4) case to find the solvable 
limit. Later we will generalize the exact solution to the 
su(n) case. The E matrices are a set of fifteen 4x4 
traceless matrices in this case. We choose the diagonal 
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£ matrices 
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The twelve off-diagonal matrices are selected from the 
matrices 0(a, /?) and 0{a,(3) where 



_ 0(a,f3)ij = 5 m 5f3j + S aj Sf3i 
0(a,f3)ij = -i(5 a iS/3j - SajSpt 



(7) 



These matrices are the generalizations of the Pauli ma- 
trices <r x and a y and we denote them by Oi where 
z = 1, ...12 and 

Ox = 0(1,2), 2 = 0(1,3), 3 = 0(1,4) 

4 = 0(2,3), 5 = 0(2,4), 6 = 0(3,4) 

07 = 6(1,2), 8 = 6(1,3), 09 = 6(1,4) w 

O w = 6(2,3), On =6(2,4), On = 6(3,4). 

If the exchange coupling J„ in eq ([3]) is independent of 
v the Kondo model has a full su(n) symmetry. Here we 
consider an anisotropic case for the exchange coupling 
where J„ takes either J v = Jm or J„ = J±. This reduces 
the interaction part of the Hamiltonian into a parallel 
and perpendicular part, 



H 



Kondo 



H 



Ko 



H 



Ko 



(9) 



where 



Kondo = J\\ E E t ii^(°)(^)^(°) ( 10 ) 

a,f3=l v=l 



and 



12 



H Kondo = J±- E ^2 T l^i( O ^)^0' 
a,/3=l l/=l 



(11) 



III. BOZONIZATION AND UNITARY 
TRANSFORMATION 

The Hamiltonian of the system can take the form of 
a free Hamiltonian by bosonising the fermionic opera- 
tors and then make a canonical transformation. Since 



the spin dynamics of the system depends only on the 
algebra that the spins operators satisfy we can always 
work on the canonically transformed operators. The 
bosonization procedure can be done using the Mandel- 
stam formula [l2|, 0, [l4[ where we can write chiral 
fermionic fields ip a 's in terms of the bosonic fields cj) a 's 
as 



1 



/27T6 



-i<p a (x) 



where 



Q ( x ) 



dyll a (y) + (p a (x) 



(12) 



(13) 



Here e is the cut off and n Q (x) is the conjugate momen- 
tum of (p a (x) which satisfies the commutation relations 



i a (x),U a (y)} = i5 a p5(x - y). 



(14) 



For convenience wc define the following excitations, 
which we call them spin(s), flavor(f), spin-flavor(fs) 
and charge(c) excitations, as 



= 75(^1 +<t>2 - 2( f>3 ) 
= ^5(^1" +02 + 03 ~ 3< ^3 ) 
= \Q>\ + 02 + 03 + 02 + 04 



(15) 



Applying the bozonizing procedure on the free part of 
the Hamiltonian we have 



1 



E 

a = l 



dx 



(dM^)) +Tl 2 a {x) 



(16) 



where a = c, s, / and sf. Similarly bozonization of the 
parallel part of the interaction Hamiltonian gives 



Hi 



J\\ 



1 9<j) 



f 



3 dx 



Kondo c I 1 q x T 2 q x 

v \ / x=Q 

(17) 

Bosonization of the perpendicular interaction term, 
H K on do leads to a more complicated form with inter- 
acting terms that couple pairs of t s. However, these 
couplings can be removed through a unitary transfor- 
mation in the space of r. For an operator U we have 

U(t) = e lFt U{0)e~' lFt (18) 

where t is a parameter and F is the generator of the 
unitary transformation. We choose this generator to 
have the form 



F= ID, 



x=0 



(19) 
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The canonical transformation completely decouples the 
different t 1 - 's in the perpendicular part of the interac- 
tion Hamiltonian for t = \/47r; i. e. H^ ondo takes the 
form 



H 



Kc 



J b 
_ \ ~" 

Tie 



2t-l| t =0 ' 



(20) 



Upon applying the canonical transformation to the 
whole Hamiltonian for t = vAtt, H takes the form 



n»(z) 




dx 



x=Q 



(21) 



i=i 



Hence the solvable point for the problem is Jn = 27r. 
For this value of Jii , the terms in the middle line of 
Eq. (|2ip that couple the conduction electrons to the 
localized su(4) spin vanish. 



IV. SU(N) GENERALIZATION 

A direct generalization of the same procedure reveals 
that the su(n) single channel Kondo model has the 
same solvable limit as that of the su(4) model, i.e. 
J|| = 2-7T. The su(n) generalization can be studied 
by bosonizing the Hamiltonian in eq.{T]) and extend- 
ing eq. (HHJ) to get the generalized form of the generator 
of the rotation in the space of nxn dimensional matrix 
spin space. The appropriate choice for the generator is 



n-l 



a=l 



(22) 



x=0 



where the -D Q 's are the n-l diagonal matrices and ip~ 
are the n-l different collective spin excitation modes, 
which are the generalizations of eq.© and eq. (fl"5")) . A 
convenient choice of diagonal matrices is 



d a (j) 



\ 



(23) 



E d «w 2 

i=i 



where 



da(j) 



1 if j < a + 1 
—a if j = a + 1 
if j > a + 1 



(24) 



Here d(a,j) are the j th matrix elements of the a th 
diagonal matrix. The collective spin excitation modes 



ip a can be written in terms of the left moving Bose 
fields as 



i=l 

and the charged mode is given by 

1 - 



<Pc = 



(25) 



(26) 



The off-diagonal matrices are given by extending the 
eq.([7]) for nxn case. The canonical transformation of 
the off-diagonal matrices O and O in the su(n) spin 
space is obtained from the equations 



dO 
'"dt 



[T,0}e 



(27) 



and the commutator between T and O(O) is given by 

[0(a, /3),D y ] = -i (cLy(a) - rf 7 (/3)) 6{a, (3) (28) 
6{a, (3), D 7 ] = i (d y (a) - d 7 (/3)) 0{a, (3) (29) 

where 0{a,(3) and 0(a,(3) are given by eq.®. 

The final form of the su(n) Hamiltonian, i.e eq.([T]), 
after bozonization and taking the canonical transfor- 
mation is 



H 



1 



E 

a=l 
J|| 

7^ 



dx 



(d x <p-(x)) 2 +ILl(x) 



t) 



dx 



x=0 



J± 



E 

»=i 



'2i-l| t=0 ' 



(30) 



where again here we consider the spin independent 
anisotropic case of the exchange coupling, namely that 
J v is either J v = Ju or J v = J±. Clearly eq. ((30|) shows 
that for the model we considered the solvable point is 
the same in the su(n) model. 



V. SUMMARY AND CONCLUSION 

In this article we have studied an su(n) Kondo spin 
in a one dimensional single channel wire with electrons 
in the lead assumed to be non-interacting. By Abelian 
bozonization of the chiral fermions and canonical trans- 
formation we have found a solvable point for the prob- 
lem, which is the su(n) generalization of the Toulouse 



4 



limit This result may be used to test the large n 
approximation for the Kondo problem and a straight- 
forward extension of this analysis can be applied to the 
su(n) many channel Kondo and Kondo lattice prob- 
lems. Finally the exact solution obtained here may be 
used to compute the transport properties of nanostruc- 
tures, a task to which we will return in future work. 



throughout the research project. I would also like to 
thank Philip Taylor for valuable help and advice. This 
work was supported by the US Department of Energy 
under grant DE-FG02-05ER46244 



Acknowledgment 

I thank Harsh Mathur for bring the problem to my 
attention and for his valuable and critical discussions 



[1] P. W. Anderson, A Career In Theoretical Physics, 
World Scientific Publishing Company; 2nd edition 
(April 20, 2005) 

[2] P. Nozieres and A. Blandin, J. Phys.(Paris) 41, 193 
(1980). 

[3] N. Andrei and C. Destri, Phys. Rev. Lett. 52, 364 
(1984). 

[4] J. Can, N. Andrei, and P. Coleman, Phys. Rev. Lett. 

70, 686 (1993). 
[5] I. Affleck and A. W. W. Ludwig, Nucl. Phys. B 360, 

641 (1991). 

[6] V. J. Emery and S. Kivelson, Phys. Rev. B 46, 10812 
(1992) 



[7] M. Fabrizio and A. O. Gogolin, Phys. Rev. B 50, 17732 
(1994). 

[8] D. Goldhaber-Gordon et al. Nature 391, 156159 (1998) 
[9] P. Jarillo-Herrero, et. al. Nature, 434, 484, (2005). 
[10] G. Toulouse, Phys. Rev. B 2, 270 (1970). 
[11] Oron Zachar, S. A. Kivelson and V. J. Emery , Phys. 
Rev. Lett. 77, 1342 - 1345 (1996). 

[12] M. Bander Phy. Rev. D 13, 1566 (1976). 

[13] J. von Delft and H. Schoeller |arXiv:cond-mat /9805275 

Annalen der Physik, Vol. 4, 225-305 (1998). 
[14] R. Shankar, Acta Phys. Pol. B 26, 1835 (1995). 



